The allele frequency dependence of the ranges of all measures of linkage disequilibrium is well-known. The maximum values of commonly used parameters such r 2 and D are absolutely dependent on the minor allele frequencies at each loci. However, though this phenomenon is recognized and accounted for in many studies, the comprehensive mathematical framework underlying the limits of linkage disequilibrium measures at various frequency combinations is often heuristic or empirical. Here, it is demonstrated that underlying this behavior is the fundamental shift between linear and nonlinear dependence in the linkage disequilibrium structure between loci. The proportion of linear and nonlinear dependence can be estimated and it demonstrates how even the same values of r 2 can have different implications for the nature of the overall dependence.
for multiple loci was derived in detail by Geiringer (1944) . The modern formation of the problem, and the definition of the term linkage disequilibrium, was made by Lewontin & Kojima (1960) where D, one of the most common measures of linkage disequilibrium, is first defined. Many other measures of linkage disequilibrium would be defined such as D (Lewontin (1964) ), r 2 , the square of the correlation coefficient (Hill & Robertson (1968) ), and d (Nei & Li (1980) ).
Across two bi-allelic loci which have possible alleles A/a and B/b, the two most well-known measures of linkage equilibrium, are D and r 2 . D = P AB − P A P B = P AB P ab − P aB P Ab (1)
Given the allele frequencies at each locus are Bernoulli distributed, D is equal to the covariance and P A (1 − P A ) and P B (1 − P B ) are the variances at the respective loci. The range of D varies based on loci minor allele frequencies with a maximum of [−0.25, 0.25] where P A = P B = 0.5. Given its difficult interpretation, the use of D is often modified and represented by the normalized indicator, D (Lewontin (1964) ) which normalizes the value of D to a range of [0, 1] based on its maximum given the underlying allele frequencies at each locus. For D > 0
and for D < 0
The measures of r 2 and D are often used separately or jointly due to the fact they have a common, intuitive, and restricted range of values (Hedrick (1987) ; Lewontin (1988) ). However, there can still be issues of interpretation with both variables. First, though the full range of values can be [0, 1] for each, only D can take any value in the range for all values of minor allele frequencies. The range of r 2 , similar to D, is restricted based on the loci minor allele frequencies. Second, sometimes the two measures can have wildly different, seemingly contradictory, values for the same measurement of linkage disequilibrium. For example, in some cases r 2 can take small values near zero while D = 1.
Regarding the first exception, an in-depth analysis on the maximum values of r 2 across different pairs of minor allele frequencies was given by VanLiere & Rosenberg (2008) . In the paper, equations 2-5 illustrate the derived maximum values of r 2 , dubbed r 2 max , for various minor allele frequency combinations across loci. Depending on the relative values of the major and minor allele frequencies between loci, r 2 max would take the value of either P A (1 − P B )/P B (1 − P A ), P B (1 − P A )/P A (1 − P B ), P A P B /(1 − P A )(1 − P B ), or (1 − P A )(1 − P B )/P A P B . One of the key findings of the paper was that r 2 max can only be equal to 1, allowing r 2 to take any value, under the two conditions of either P A = P B or P A = 1 − P B . The first condition, P A = P B , corresponds to positive values of r, while P A = 1−P B corresponds to negative values of r. The description of r 2 max was important for several reasons. For example, it helped give theoretical validation to the long espoused practice of trying to match minor allele frequencies in association studies when inferring a trait locus from a marker locus it is in linkage disequilibrium with. It was known empirically that the limited values of r 2 when minor allele frequencies are mismatched can cause problems with inference and increase the necessary population sizes in association studies (Nei & Li (1980) ; Kaplan & Weir (1992) ; Kruglyak (1999); Wray (2005) On the other hand, D and D both account for both linear and nonlinear dependence. The issues with r 2 across different allele frequencies is in fact, not just an issue of the definition of r 2 but rather a larger one of nonlinear dependence between loci. This may seem like a subtle or even unimportant detail, however, in this paper it will be demonstrated that the effects of this dichotomy are far from trivial and can demonstrate the error of relying on r 2 alone in certain situations.
Defining linear linkage disequilibrium
While all values of linkage disequilibrium have a linear component as evidenced by a nonzero value of r 2 , how linear the overall relationship is between the two loci should be quantified in order to understand the importance of r 2 in the context of total dependence. As a first step, we will analyze under what conditions the linkage disequilibrium is completely linear and thus has all dependence described by r 2 alone. While the joint probabilities of two alleles at each locus is symmetric, P AB = P BA the conditional probabilities are distinct and defined as P B|A = P AB /P A and P A|B = P AB /P B . Given the conditional probabilities describe the dependence of one allele on the other, we can use them to define the conditions of completely linear dependence.
The linkage disequilibrium between two loci is fully linear when the dual conditional probabilities of any two alleles can be described by a system of linear equations
In equation 5 c 1 to c 6 are constants. From the definitions of conditional probabilities and equations 1 and 2 we can derive the two equations
This system of equations is not linear and would seem to imply that there is no case of complete linear dependence, however, there are two conditions where equation 6 reduces to a system of linear equations, in particular the cases of P A = P B or P A = 1 − P B , the identical conditions where r 2 max = 1. Under both conditions the equations reduce to
Therefore, only under the conditions of r 2 max = 1 can the linkage disequilibrium be described as completely linear and r 2 captures all dependence. The primacy of r 2 under these conditions of perfectly linear linkage disequilibrium is emphasized by the fact that for these matchings of allele frequencies
Further, by Bayes' Theorem, P B|A P A = P A|B P B , we can show that under perfectly linear linkage disequilibrium
Since the conditions of perfectly linear linkage disequilibrium are extremely narrow, it is now a question of defining the relative strengths of linear and nonlinear dependence in linkage disequilibrium for all other possible combinations of allele frequencies across loci.
Defining nonlinear linkage disequilibrium
Under the conditions of perfectly linear linkage disequilibrium, D 2 = r 2 . However, under all other conditions, D can have a range of values for any fixed value of linear linkage disequilibrium as measured by r 2 . To understand the ranges of D for a given linear contribution from r 2 , we can define the minimum and maximum values of D . For any r, the maximum value of D is always one where linkage disequilibrium measured by D is at its maximum value. However, the minimum of D can vary. For fixed r > 0,
or in the case r < 0
Both possibilities for positive or negative r depend on the maximum values of D per equations 3 and 4. However, since the values in the denominator are smaller than the numerator for each case, the terms in the square roots have a minimum value of one. The maximum of D is 1 which means that at complete linkage disequilibrium those square root terms equal 1/r and are at a maximum. Therefore, a value of 1 for the square root terms designates the minimum value of D giving D = |r|. Since it is already established previously that D 2 = r 2 designates perfectly linear linkage disequilibrium the following two points can be determined.
First, for a given value of r, the range of D is limited to [|r|,1] where the condition of D = |r| or D 2 = r 2 indicates perfectly linear dependence between the alleles across both loci where P B|A = P A|B or P b|A = P A|b for positive or negative values of D and r respectively. Second, for a given value of r 2 , any D 2 > r 2 indicates the presence of nonlinear dependence in addition to the linear dependence between alleles across both loci.
Therefore, D 2 more accurately measures full dependence, linear and nonlinear. However, the linear and nonlinear proportions of dependence cannot be simply separated just relying on the value of D 2 . In order to measure the linear and nonlinear components of D 2 we will rely on the most common and comprehensive measure of total dependence, mutual information. First derived by Claude Shannon when creating information theory (Shannon (1948) ) mutual information is a measure of total dependence between two variables and how much reduction in uncertainty we can expect to know about one variable given other variable. For two bi-allelic loci the mutual information between them is calculated as
This equation sums the components over all possible allele pairs between the loci. In particular, we can use the mutual information to calculate a ratio of the linear dependence to total dependence, hereafter termed Λ that will allow us to measure what proportion of total dependence in D is linear under any given scenario. The ratio represented by Λ was first worked out in terms of determining the relative linear dependence in data via the residuals of linear regression (Smith (2015) ). In that procedure the ratio of the mutual information of transformed residuals and the independent variable and the mutual information of the original function and independent variable is used to determine the approximate proportion of linear dependence in the original function or data.
For linkage disequilibrium, however, a real valued linear regression is not possible but the mutual information of the base linear case for D 2 can be calculated by calculating the mutual information for D 2 = r 2 . This can then be compared with the total mutual information for any other given value of D 2 > r 2 for the same r 2 .
The calculation of both the values of mutual information was done through numerical simulation where D 2 and r 2 were simulated across all possible values for each for every compatible pair of minor allele frequencies at each locus.
Based on this procedure we can create heat plots of Λ for different values of P A and P B . In fact, what we find is regardless the value of D 2 , the heat plots are the same with two different plots: one for positive values of r and one for negative values of r. These are shown in Figure 1 .
As shown in the plots, for positive r the maximum values of Λ, indicating strict linear dependence, only occur in the case of P A = P B . Outside this region, the linear dependence as a proportion of all dependence rapidly falls off and becomes lower as the ratio of the allele frequencies at each locus become increasingly larger or smaller. Where r is negative, we find that the strict linear dependence range changes to where P A and (1 − P B ) are equal. However, like the other situation, the proportion of linear dependence rapidly drops off outside this region.
These plots closely reflect the regions of r 2 max described by VanLiere & Rosenberg (2008) who plotted the maximum possible value of r 2 by allele frequency pairs for positive or negative correlation. Therefore, we find in a completely different perspective that the proportion of linear dependence to total dependence closely matches the values of r 2 max for all allele frequency pairs. Note that Λ keeps the same value for allele frequencies regardless of the actual value of r 2 , even if this value is less than r 2 max .
Estimating Λ from allele frequencies
Given the consistent relationships shown in Figure 1 and the fact that D 2 = r 2 for perfect linearity, it is likely Λ is somehow related to D 2 and r 2 . What is found is that there is a nearly linear fit across all allele frequencies between Λ and r 2 /D 2 . This is shown in Figure 2 . Given the definitions of r 2 and D 2 , we can show that that the relative nature of the linear and nonlinear dependence between two associated loci is dictated only by the frequencies of the minor alleles at each locus and not the strength of their linkage disequilibrium. For given allele frequencies, the relative linear and nonlinear proportions of that dependence are identical across all values of linkage disequilibrium. Equation 13 fits both positive or negative values of r.
Having an approximate equation for Λ it is now possible to generalize the relationships between the conditional probabilities P A|B and P B|A for an arbitrary value of Λ. Since P A|B = P B|A only in perfect linear dependence (Λ = 1), it follows that the introduction of nonlinear dependence fundamentally skews this so that one allele is more dependent on the other for co-occurrence than the reverse. How nonlinear dependence coherently fits into the picture can be shown with Λ. Given equation 13 and Bayes' Theorem
Multiplying out we can then include the joint probabilities as well
This results in a final consolidated expression decomposing the conditional probability into its linear and nonlinear dependencies
The second term indicates the nonlinear contribution to dependence which gradually reduces the symmetry between co-occurrences at different loci as Λ decreases. At Λ = 0, the dependence is absolute: the conditional probability of finding B given A is equal to their joint probability implying allele A has become fixed. Equation 16 can also be stated in terms of product instead of a sum
Equations 16 and 17 help illustrate how increasingly nonlinear dependence between alleles at different loci makes using r 2 in calculations problematic where it is explicitly assumed the allele co-occurrences exhibit a symmetric dependence from correlation alone. To illustrate the nature of dependence between alleles at different loci, the diagram in Figure 3 shows the regions of mostly linear, mostly nonlinear, and perfectly linear linkage disequilibrium. Of note is that in the allowed regions of linkage disequilibrium, both the mostly linear and mostly nonlinear regions cover the same area.
The conditional variance between loci can be calculated similar to the marginal variances as σ 2 B|A = P B|A (1 − P B|A ). This allows one to calculate variance from either the traditional definition of P B|A calculated from P AB = D + P A P B as
or the definition using Λ in equation 16. These yield conditional variances of Equation 19 is the more intuitive and easier to calculate. In addition, we can change this equation to one where the relationship is linear and P A = P B = P to obtain
In equation 21 we see the familiar relationship of the conditional variance and r 2 . While the equation does not exactly equal σ 2 (1 − r 2 ) except when p = 0.5, the product in the second term is typically very small for most correlations across many allele frequencies so the traditional r 2 estimation is still widely valid when the minor allele frequencies at both loci are equal and of moderate frequency. The exceptions will be described in the next section.
Insights of nonlinear linkage disequilibrium
When there is any nonlinearity in the dependence between two loci, the frequencies and thus variances differ. Therefore, the conditional probabil-ities of the alleles are not symmetric and one allele will give much more information about the presence of the other than vice versa. In extreme cases of weakly linear relationships, this causes a situation where one lower frequency allele at one locus almost always co-occurs with another higher frequency allele at a different locus. This has long been recognized for de novo mutations or rare alleles where r 2 ≈ 0 and D = 1 but it can still be applicable at even moderate values of r 2 . In Tables 1, 2 , and 3 this is shown for a variety of situations where p B and r 2 are fixed but Λ is allowed to vary. It is clear that for an increasingly nonlinear linkage disequilibrium, one allele becomes a less reliable predictor of the other despite all the situations having the same correlation. An additional complication is added when trying to predict how the variance at one locus can be predicted based on the variance at another locus it is in linkage with.
It is standard process in many analyses such as association studies to measure the variance of groups of single nucleotide polymorphisms (SNPs) with respect to a trait being studied. The SNP density along and across chromosomes is often chosen with the understanding that even if the SNPs themselves are not causal variants, the causal variants, often termed quantitative trait loci (QTL), are likely in linkage disequilibrium with multiple SNPs and thus SNP variance with respect to trait variance is related to the causal variant variance with respect to the trait. The typical expectation is that given a casual variant's variance, 2p(1 − p), the SNP variance with respect to the variance of the trait is 2p(1 − p)r 2 . Assuming the SNP is represented by the alleles at locus A and the causal variant by those at locus B and using the first term of equation 21 we can determine that p B (1 − p B )r 2 is approximately equivalent to
So the expected variance at the SNP that is explained by the trait variance is the causal variant variance minus the conditional variance of the causal allele given the SNP allele. When there is statistical independence between the loci the conditional variance equals the marginal variance and thus there is zero variance due to the trait at the independent locus. Under complete dependence the conditional variance is zero and the trait allele variance explains all the variance at the SNP. Under linear conditions equation 22 is approximately r 2 σ 2 B as expected for moderate minor allele frequencies. Under nonlinear conditions though this relationship is altered by the same asymmetry that affects the conditional probabilities.
For consistency, we will define P A ≥ P B and P A ≥ 0.5. The proportion of the trait variance that can be inferred at a SNP in linkage, thus becomes
In Tables 1, 2 , and 3 this is shown with respect to both alleles at different values of Λ. For the lower frequency allele P B , the proportion of variance in the SNP accounted for with respect to trait variance steadily declines from approximately r 2 at Λ = 1 to lower values for Λ = r 2 and D = 1. The exact amount can be calculated based on equation 19.
The other locus shows the opposite trend with respect to the variance of the causal allele explained by the variance in the SNP. It increases from approximately r 2 at Λ = 1 to 1 at Λ = r 2 . This is due to D = 1 where the variant is nearly completely associated with the SNP but not the opposite. Figure 4 shows the deviations of (σ
A from r 2 where negative values indicate a proportion of variance explained lower than r 2 would predict while positive values predict a higher proportion of variance than r 2 would predict. Most values, especially where P ≈ 0.5 are close to r 2 and large deviations typically appear for very low minor allele frequencies.
These results may appear to contradict the relationships of linear dependence where r 2 may underestimate total dependence when nonlinearity is present but r 2 cannot overestimate dependence. However, the overall dependence between the two loci remains relatively balanced as the dependence in one direction increases while that in the other direction decreases. When looking at the corresponding relationship between the minor alleles at these same loci, the proportion variation explained does differ, however the direction of change with Λ, reverses between σ 2 a|b and σ 2 b|a compared to its trend for the major alleles at the same loci so that the higher frequency minor allele still has a lower proportion of its variance explained by the lower frequency minor allele as the relationship becomes increasingly nonlinear. This can have significant implications for models or experiments who are trying to relate the variance of one locus to another using only r 2 as a dependence measure. For differential allele frequencies where Λ is less than one, especially when r 2 is small or modest, the actual variance measured based on observed SNP variance can substantially underestimate or overestimate the variance at an unknown site that is in linkage. Therefore, allele frequency matching becomes even more crucial at lower values of r 2 across loci since it can skew results in an unexpected manner.
Nonlinearity of linkage disequilibrium under evolution
Besides an additional descriptor of the dependence structure between a pair of loci, the relative linearity of linkage equilibrium can show distinct patterns under some conditions of evolution. In addition, because it is based only on allele frequencies, Λ is more resistant to the decay effects of recombination compared to linkage disequilibrium measures. D 2 and r 2 decay due to recombination at the same rates while the effects of recombination on Λ generally cancel out except for selective or stochastic effects on allele frequencies. Table 1 : The structure of linkage disequilibrium where r 2 = 0.5 and p B = 0.5 for different amounts of nonlinearity. Table 2 : The structure of linkage disequilibrium where r 2 = 0.3 and p B = 0.5 for different amounts of nonlinearity. Table 3 : The structure of linkage disequilibrium where r 2 = 0.3 and p B = 0.7 for different amounts of nonlinearity.
Mutation and drift
For a de novo mutation on a locus with a fixed ancestral allele, the frequency of the new allele is 1/2N e where N e is the effective population size. Given the existence of only three haplotypes with any other locus at this first generation, D = 1 and r ≈ 0. There the linkage disequilibrium induced by a new mutation is always extremely nonlinear with Λ ≈ 0. Considering the case of a selectively neutral allele, under conditions of mutation-drift balance, the long-term expected linkage disequilibrium with another locus is r 2 ≈ 1/4N e c (Hill & Robertson (1968) ) where c is the rate of recombination per generation between the two loci.
If mutation of ancestral alleles to derived alleles is allowed, but not the reverse, any given locus will not see a stable equilibrium for allele frequencies. However, across an infinite number of sites, a dynamic steady state across all sites does have a stable allele frequency spectrum (Ewens (2004) ) where the number of derived alleles with frequency p , Φ(p)δp, is given by
where µ is the mutation rate per site per generation. Under these conditions of mutation-drift balance without selection or migration, the typical allele frequency spectrum is one of many rare alleles, who often do not have the chance to establish themselves due to random loss, and very few alleles of moderate frequency. Where two loci can be considered independent for their respective minor allele frequency probabilities and have a recombination rate, c the expected linkage disequilibrium r 2 can be calculated as well as Λ based on the statistical probability of minor allele frequencies at each locus. Defining the joint probability of one locus having a minor allele frequency P A and the other P B as
Following on this, we can then use these probabilities and Equation 13 to calculate the probability of a range of Λ between two loci in linkage disequilibrium. Across a range of values of 4N e µ and 4N e c the distribution is consistent and is shown in Figure 5 from numerical calculations based on the previous equations as well as from a forward time simulation in Python module SimuPop (Peng & Kimmel (2005) ) in Figure 6 . Due to the plethora of loci with rare alleles and approximately similar minor allele frequencies, much of the linkage disequilibrium generated by mutation and drift is of linear character, though very weak as typical r 2 induced by drift-mutation balance. 
Selective sweeps and hitchhiked alleles
As discussed previously, Λ decays much more slowly under the forces of recombination than other linkage disequilibrium measures due to its allele frequency basis. The relative resilience of Λ is shown in Figure 7 where the decay of r and D are superimposed with that of Λ for two loci in a simple population with high initial linkage disequilibrium but with no subsequent selection.
While favorable mutations can be relatively rare, those that are favored by selection can see their frequency rapidly increased throughout the population in a selective sweep. Selective sweeps starting as de novo mutations are associated with specific neutral alleles at nearby loci on the chromosome and these alleles can also see their frequencies increase dramatically due to the effect known as hitchhiking. Selective sweeps, particularly hard sweeps, also generate distinct patterns of linkage disequilibrium where loci on either side of the selected site will develop high linkage disequilibrium with each other even though the linkage disequilibrium with the selected allele can plummet as the latter reaches fixation. It can be demonstrated as well that despite the various values of the linkage disequilibrium in neighboring sites generated by the sweep, the linearity increases, often from nearly nonlinear to nearly linear, and that this pattern of linearity is preserved in the linkage disequilibrium even if selection is relaxed and recombination begins to degrade D and r 2 . During a hard sweep, if neighboring linked neutral alleles obtain a relatively high frequency with minor alleles being relatively rare, they will both be in linkage disequilibrium with each other as well as likely have a linear relationship due to similar allele frequencies at each locus. Not only this, in the event that selection is relaxed, especially before the selected allele reaches fixation, recombination will reassert itself decreasing the linkage disequilibrium but not affecting Λ as long as allele frequencies at the loci are not substantially altered by selection, migration, or drift.
A selective sweep with an adjacent locus was simulated in SimuPop. In Figure 8 the linkage disequilibrium between two neighboring loci, the selected site and a neighboring locus, is shown for 400 generations. Selection was relaxed at generation 50, near the point where the allele is roughly halfway to fixation, and the two measures of r and D are shown along with Λ for each time step. The linkage disequilibrium rapidly increases with the sweep as expected and then declines after selection is relaxed and no longer counters recombination. For many generations, until linkage disequilibrium almost disappears completely, the high degree of linearity induced by the sweep is a relatively stable marker of the former evolutionary dynamics.
In a region where a selective sweep is expected to have occurred in the past, if allele frequencies can be assumed stable, a marker of the former association could be the level of linearity in linkage disequilibrium in surrounding regions. Assuming the association was once strong, where a D = 1 is usually more likely than a comparatively high r 2 due to the initial linkage disequilibrium of the favorable mutation, a rough measure of the number of generations since selection was relaxed could be given by t = logD log(1 − c) 
Conclusion
Linkage disequilibrium is a useful and ubiquitous aspect of all genomes. While its measurement given frequency data may seem relatively straightforward, it would behoove all researchers to understand that the measurement of a value of linkage disequilibrium with any preferred measure may mask underlying complexities in the relationship between the loci in question. One measure, be it r 2 or D , cannot reconcile these issues. In particular, the realization that r 2 measures only linear dependence and is not the same for different allele frequency pairs is essential. Theoretical and experimental analyses based on assumptions of only linear dependence may inadvertently skew estimates of frequency or variance dependence between loci pairs.
Individual measures may be safely used as summary statistics and for comparisons between loci pairs where Λ is roughly equivalent. Though the variable Λ in and of itself may or may not have any direct evolutionary relevance, it is a useful summary to supplement linkage disequilibrium measures in order to fully elucidate the frequency dependence between alleles at separate loci. Hopefully in this role it can make studies that rely on linkage disequilibrium measurements more accurate and insightful.
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